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Abstract

Counterion distributions and e�ectiv e electrostatic interactions between spherical macroions in

polyelectrolyte solutions are calculated via second-orderperturbation (linear response)theory. By

modelling the macroions as continuous charge distributions that are permeable to counterions,

analytical expressionsare obtained for counterion pro�les and e�ectiv e pair interactions in solutions

of star-branched and microgel macroions. The counterions are found to penetrate stars more easily

than microgels, with important implications for screening of bare macroion interactions. The

e�ectiv e pair interactions are Yukawa in form for separatedmacroions,but are softly repulsive and

bounded for overlapping macroions. A one-body volume energy, which depends on the average

macroion concentration, emergesnaturally in the theory and contributes to the total free energy.
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I. INTR ODUCTION

Polyelectrolytes(PEs) are ionizablepolymersthat dissolve in a polar solvent, such aswa-

ter, by dissociating into polyvalent macroionsand small oppositely-chargedcounterions [1].

Electrostatic interactions betweenmacroions,mediatedby surroundingmicroions(counteri-

ons and salt ions), contribute to the unique macroscopicproperties of PE solutions, which

are the basis of many industrial applications involving polymer-water systems[2]. Com-

mon synthetic examplesof PEs are polyacrylic acid, used in gels and rheology modi�ers,

and polystyrenesulfonate,a component of reverseosmosismembranes. Naturally occurring

examplesare biopolymers, such as DNA, proteins, and starches. Colloidal in size,PEs are

also routinely added as 
o cculants and stabilizers to colloidal suspensions,such as foods

and water-basedpaints [3, 4]. Dependingon PE concentration, adsorptionor grafting of PE

chainsonto surfacesof colloidal particlescaneither induce
o cculation, by bridging particles,

or impart electrostericstabilization.

Conformations of PE macroions and electrostatic interactions between macroions are

strongly in
uenced by the distribution of microions. If dispersedin solution, microions act

to screenthe bare Coulomb interactions between ionized monomers. If condensedon the

macroion chains, microions may reducethe macroion charge [5]. Linear PE chains whose

monomersare su�cien tly weakly interacting { either becauseweakly chargedor becauseof

strongmicroion screeningor condensation{ may form random-walk coilswith roughly spheri-

cal conformation. With increasingchargeandscreeninglength, linear chainsstretch into non-

sphericalconformationsbecauseof electrostatic repulsion betweenionized monomers[6, 7].

The extent of elongationdependson the chain chargedensity, salt concentration, and solvent

quality. Highly chargedchains in good solvents (e.g., DNA in water) often form sti� rod-like

macroions,whosee�ective interactions and complexphasebehavior (such asbundling) have

been widely studied [8, 9]. In poor solvents, su�cien tly highly charged chains may form

necklaces of compact globules joined by narrow threads, as predicted by theory [10] and

con�rmed by simulation [11].

Although many common PEs are linear, other topologiescan be readily synthesized.

Examplesare stars, microgels,micelles,and brushes. Star polymers [12] consist of chains

chemically grafted or adsorbed to a common microscopiccore. Microgels are mesoscopic
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polymer networks, synthesizedby polymerization in microemulsion [13]. Micellesare formed

by association of charged diblock (amphiphilic) copolymers [14]. Brushes are formed by

grafting PE chains onto a mesoscopicsolid core[15]. Solutionsof sphericalstars, microgels,

micelles, and brushescan be regardedas colloidal suspensionsof soft macroionsthat are

permeableto microions.

Electrostatic interactions in charged colloids have received much attention in recent

years[16], motivated largely by anomalousphasebehavior that is unexplainedby the classic

Derjaguin-Landau-Verwey-Overbeek(DLVO) theory [17]. Most studieshave beenrestricted,

however, to hard, impermeablemacroions.The objectivesof this paper are �rst, to explore

implications of microion penetration for screeningof e�ective electrostatic interactions be-

tweensphericalmacroions,and second,to lay a foundation for future studiesof thermody-

namic phasebehavior of PE solutions. Our approach is basedon a recently-prop osedtheory

of e�ective interactions in chargedcolloids[18], which we adapt herefrom hard to penetrable

macroionsand apply to sphericalstar-branched and microgelmacroions.

The remainder of the paper is organizedas follows. Section I I describes the assumed

model of PE solutions. SectionI I I reviewsthe theoretical approach, basedon second-order

perturbation (linear response)theory. SectionsIV and V present analytical and numerical

results for counterion pro�les and e�ective interactions in bulk solutionsof star and microgel

macroions.Finally, Sec.VI closeswith a summary and conclusions.

I I. MODEL

Adapting the primitiv e model of ionic liquids [19], the model systemcomprisesNm spher-

ical macroions,of radius a (diameter � = 2a) and charge� Ze, and Nc point counterions of

charge ze dispersedin an electrolyte solvent in a volume V at temperature T. Assuming,

for simplicity, a symmetric electrolyte and equalsalt and counterion valences,the electrolyte

contains Ns point salt ions of chargeze and Ns of charge � ze. The microions thus number

N+ = Nc + Ns positive and N � = Ns negative, for a total of N � = Nc + 2Ns. Global charge

neutrality in a bulk solution constrainsaveragemacroion and counterion number densities,

nm = Nm =V and nc = Nc=V, via Znm = znc. The polar solvent is treated as a continuum,

characterizedby dielectric constant � that actsonly to reduceCoulomb interactions between
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ions.

The local number density pro�les of counterions, � c(r ), and of macroion monomers,

� mon(r ), are modelled as spherically symmetric, continuous distributions. Spherical sym-

metry is a reasonableapproximation, consideringthat equilibrium averagingover macroion

orientations tends to smear out any anisotropy. Furthermore, discretenessof the charge

distributions can be ignored if we restrict considerationto length scalesexceedingthe scale

of discreteness.

In general,the counterions are distributed over three regions: (1) the immediate vicinit y

of the PE chains making up the macroions,(2) the region inside of the macroionsbut away

from the chains, and (3) the region outside of the macroions. Counterions in the �rst two

regionsare trapped by the macroions,while those in the third region are free. Within the

�rst region, the counterions may be either condensedon a chain or free to move along a

tube surrounding a chain. Thesechain-localizedcounterions, whether condensedor mobile,

tend to distribute uniformly along the chains to favor local chargeneutrality. In our model,

counterions in region (1) simply renormalizethe e�ective macroionvalenceZ .

The detailed form of the monomerdensity pro�le dependson the macroionconformation.

For star-branchedmacroions,Coulomb repulsionbetweenchargedmonomerstendsto sti�en

and radially stretch the chains into a porcupineconformation [20]. We assumethe ideal case

of fully stretchedchainsand model the monomerdensity pro�le by � mon(r � a) = Z=(4� ar2),

where r is the radial distance from the star's center. For microgel macroions, the dense

network of chains is well approximated by a uniform monomerdistribution, and is modelled

hereby � mon(r � a) = 3Z=(4� a3). This distribution may alsoapproximate a weakly-charged

linear PE chain with a sphericalrandom-coilconformation,although a Gaussiandistribution

may then be more accurate. For both the star and microgel models, the monomerdensity

pro�le is cut o� sharply at the macroionsurface: � mon(r > a) = 0.

I I I. THEOR Y

For the model PE solutions described above, the theoretical challengeis to predict the

distributions of microions inside and outside of the macroionsand the e�ective interactions

between macroions. Following the samegeneralstrategy as applied previously to charged
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colloids [18, 21], we reducethe multi-component mixture to an equivalent one-component

systemgovernedby e�ective interactions, which are approximated via perturbation theory.

For clarity of presentation, we initially ignore salt ions. The Hamiltonian then decomposes

into three terms:

H = Hm (f Rg) + Hc(f rg) + Hmc(f Rg; f rg); (1)

where f Rg and f rg denote collective coordinates of macroion centers and counterions, re-

spectively. The �rst term,

Hm = K m +
1
2

NmX

i 6= j =1

vmm (jR i � R j j); (2)

is the bareHamiltonian for macroionswith kinetic energyK m that interact via the barepair

potential vmm (r ) at center-center separationr . The form of vmm (r ) dependson the macroion

conformation and is speci�ed in the Appendix. The secondterm in Eq. (1),

Hc = K c +
1
2

N cX

i 6= j =1

vcc(jr i � r j j); (3)

is the Hamiltonian for counterions with kinetic energyK c that interact via the Coulomb pair

potential vcc(r ) = z2e2=�r . The third term in Eq. (1),

Hmc =
NmX

i =1

N cX

j =1

vmc(jR i � r j j); (4)

is the macroion-counterion interaction. For sphericalmacroions,

vmc(r ) =

8
><

>:

� Zze2

�r ; r > a

v< (r ); r � a;
(5)

wherethe interaction inside a macroion,v< (r ), dependson the macroionconformation and

is speci�ed in Sec.IV. For later reference,we note that Eq. (4) alsomay be expressedin the

form

Hmc =
Z

dR � m (R)
Z

dr � c(r )vmc(jR � r j); (6)

where� m (R) =
P Nm

j =1 � (R � R j ) and � c(r ) =
P N c

j =1 � (r � r j ) are the macroionand counterion

number density operators, respectively.

The mixture of macroions and counterions is formally reduced to an equivalent one-

component system by tracing over counterion coordinates. Denoting counterion and
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macroion (classical) traces by h i c and h i m , respectively, the canonical partition function

can be expressedas

Z = hhexp(� � H )i ci m = hexp(� � He� )i m ; (7)

whereHe� = Hm + Fc is the e�ective one-component Hamiltonian, � = 1=kB T, and

Fc = � kB T ln
D
exp

h
� � (Hc + Hmc)

iE

c
(8)

is the free energyof a nonuniform gasof counterions in the presenceof the macroions.

At this stage, approximations are necessaryfor the counterion free energy. It is �rst

convenient to convert the counterion Hamiltonian to the Hamiltonian of a classicalone-

component plasma (OCP) of counterions by adding to H c, and subtracting from Hmc , the

energy of a uniform compensating negative background [22], Eb = � Ncncv̂cc(0)=2, where

v̂cc(0) is the k ! 0 limit of the Fourier transform of vcc(r ). Now regardingthe macroionsas

an \external" potential for the OCP, we invoke perturbation theory [18, 19, 21] and write

Fc = FOCP +
Z 1

0
d� hH 0

mc i � ; (9)

whereFOCP = � kB T ln hexp[� � (Hc + Eb)]i c is the OCP free energy, the � -integral charges

the macroions,H 0
mc = Hmc � Eb represents the perturbing potential of the macroionsacting

on the counterions, and hH 0
mc i � is the meanvalueof this potential in a solution of macroions

chargedto a fraction � of their full charge. Further progressis facilitated by expressingH mc

[Eq. (6)] in terms of Fourier components:

hHmc i � =
1
V

X

k 6=0

v̂mc(k)�̂ m (� k) h�̂ c(k)i � +
1
V

lim
k! 0

[v̂mc(k)�̂ m (� k) h�̂ c(k)i � ] ; (10)

where v̂mc(k) is the Fourier transform of Eq. (5) and where �̂ m (k) =
P Nm

j =1 exp(ik � R j ) and

�̂ c(k) =
P N c

j =1 exp(ik � r j ) are Fourier components of the macroionand counterion densities.

In �rst-order perturbation theory, the responseof the counterion plasmato the macroions

is ignored. Here we apply second-orderperturbation (linear response)theory, in which the

counterions are assumedto respond linearly to the macroionexternal potential:

�̂ c(k) = � (k)v̂mc(k)�̂ m (k); k 6= 0; (11)
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where� (k) is the linear responsefunction of the OCP. Note that the k ! 0 limit here,and

in Eq. (10), must be treated separately, sincethe number of counterions, Nc = �̂ c(0), does

not respond to the macroion charge, but rather is �xed by the constraint of global charge

neutrality.

Upon combining Eqs. (9)-(11), the e�ective Hamiltonian can be recastin the form of the

Hamiltonian of a pairwise-interacting system:

He� = K m + K c +
1
2

NmX

i 6= j =1

ve� (jR i � R j j) + E0; (12)

whereve� (r ) = vmm (r ) + vind (r ) is an e�ective macroion pair interaction that combines the

bare macroion interaction with a microion-inducedinteraction

v̂ind (k) = � (k) [v̂mc(k)]2 : (13)

The �nal term in Eq. (12) is the volume energy, formally given by

E0 = FOCP +
Nm

2
lim
r ! 0

vind (r ) + Nm lim
k! 0

�

�
1
2

nm v̂ind (k) + ncv̂mc(k) +
Z
2z

ncv̂cc(k)
�

; (14)

which is a natural by-product of the one-component reduction. Although independent of

the macroioncoordinates, the volume energydependson the averagemacroiondensity and

thus can in
uence thermodynamics.

The linear responsefunction is proportional to the corresponding static structure factor,

S(k), which may be obtained from liquid-state theory [19]. In practice, the OCP is weakly

correlated,with couplingparameter� = � B =ac � 1, where� B = � e2=� is the Bjerrum length

and ac = (3=4� nc)1=3 is the counterion sphereradius. For example,for macroionsof diameter

� = 100nm, valenceZ = 100,and volume fraction � = (� =6)nm � 3 = 0:01, in water at room

temperature (� B = 0:714nm), we �nd � ' 0:014. As for chargedcolloids [18, 21], we adopt

the random phaseapproximation (RPA), which is accuratefor weakly-coupledplasmas.The

RPA equatesthe two-particle direct correlation function of the OCP to its exact asymptotic

limit: c(2) (r ) = � � vcc(r ). Using the Ornstein-Zernike relation, S(k) = 1=[1 � ncĉ(2) (k)], the

linear responsefunction then takesthe analytical form

� (k) = � � ncS(k) = �
� nc

(1 + � 2=k2)
; (15)
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where � =
p

4� ncz2� B is the inverseDebye screeninglength. Note that since permeable

macroionsdo not excludecounterions from their interiors, the excluded-volume corrections

required for hard colloidal macroions[18] are not relevant here. With � (k) speci�ed, the

counterion density can be explicitly determinedfrom Eqs. (5) and (11) for a given macroion

distribution (seeSec.IV). Finally, salt is easily introducedvia additional microion response

functions. In the process,the pair interaction and volume energyare unchanged,except for

a rede�nition of the screeningconstant as � =
q

4� (nc + 2ns)z2� B , wherens is the average

number density of salt ion pairs.

It is worth noting the formal equivalenceof the present theory to linearized Poisson-

Boltzmann (DLVO) theory. Both are mean-�eld theories in the sensethat they ignore


uctuations in microion distributions. An advantage of linear response theory, however,

is that it encompassesthe volume energy, which can be important for describing phase

behavior [18, 21, 23{26]. Moreover, responsetheory can be straightforwardly generalized

to incorporate nonlinear response,which entails both many-body e�ective interactions and

corrections to the pair potential and volume energy [27]. In contrast, nonlinear Poisson-

Boltzmann theory is practical only for the simpleboundary conditionsa�orded by cell mod-

els. For simplicity, higher-ordernonlinear e�ects are here ignored.

Equations (11)-(14) constitute the main formal expressionsfrom linear responsetheory.

Explicit calculationsrequire specifying the counterion-macroioninteraction v< (r ) in Eq. (5)

for speci�c macroionmodels. Below, we apply the theory to obtain analytical and numerical

results for counterion pro�les and e�ective interactions in bulk solutions of spherical star-

branched and microgelmacroions.

IV. ANAL YTICAL RESUL TS

A. Star Macroions

For our idealizedmodel of a star-branched macroionwith 1=r2 monomerdensity pro�le,

Gauss'slaw givesthe electric �eld as

E(r ) =

8
><

>:

� Ze
�r 2 ; r > a

� Ze
�ar ; r � a:

(16)
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Integration over r yields the electrostatic potential energybetweena star and a counterion:

vmc(r ) =

8
><

>:

� Zze2

�r ; r > a

� Zze2

�a
h
1 � ln

� r
a

�i
; r � a;

(17)

whoseFourier transform is

v̂mc(k) = �
4� Zze2

�k 3a
sinc(ka); (18)

with sinc(x) �
Rx

0 du sin(u)=u. We can now calculatethe counterion number density around

a singlemacroion in the dilute limit, where �̂ m (k) = 1. From Eqs. (11), (15), and (18), the

Fourier component of the counterion density pro�le is given by

�̂ c(k) =
Z
z

� 2

ka(k2 + � 2)
sinc(ka); (19)

whosereal-spaceform is

� c(r ) =
Z
z

�
8� ar

8
><

>:

2 sinhc(�a ) e� �r ; r > a

[Ec(�a; �r ) + 2 sinhc(�a )] e� �r � Ec(� �a; � �r ) e�r ; r � a;
(20)

where

sinhc(x) �
Z x

0
du

sinh(u)
u

=
1X

n=0

x2n+1

(2n + 1) � (2n + 1)!
(21)

and

Ec(x1; x2) �
Z x2

x1

du
eu

u
= ln

� x2

x1

�

+
1X

n=1

xn
2 � xn

1

n � n!
; (22)

which can be e�cien tly computed from the �rst few terms of the rapidly converging series

expansions. Approaching the macroion center, the counterion density pro�le varies more

gradually than the 1=r2 macroion monomer density pro�le, diverging logarithmically, ac-

cording to

lim
r ! 0

� c(r ) =
Z � 2

4� a

�

1 � ln
� r

a

��

: (23)

Integrating Eq. (20) over the sphericalvolume of the macroionyields the fraction of counte-

rions inside a star:

f in =
z
Z

4�
Z a

0
dr r 2� c(r ) = 1 �

�

1 +
1

�a

�

e� �a sinhc(�a ): (24)

Note the clear predictions that (1) the counterion distribution is determinedentirely by �a ,

or the dimensionlessratio of the macroion radius and the Debye screeninglength, and (2)

9



the fraction of counterions inside increasesmonotonically with �a . Thus, for �xed macroion

radius, f in increaseswith increasing macroion valenceand concentration. This result is

physically sensible:the shorter the screeninglength, the shorter the rangeof the counterion

response,and thus the tighter the localization of counterions around the macroioncenters.

From Eqs. (13) and (18), the induced electrostatic pair interaction is given by

v̂ind (k) = �
4� Z 2e2

�
� 2

k4a2(k2 + � 2)
sinc2(ka): (25)

Fourier transforming, we obtain

vind (r ) = �
2Z 2e2� 2a2

� �r

Z 1

0
dx

sin(xr =a)
x3(x2 + � 2a2)

sinc2x: (26)

For nonoverlapping stars, Eq. (26) can be reducedto the analytical form

vind (r ) = �
Z 2e2

�r
+

Z 2e2

�

"
sinhc(�a )

�a

#2 e� �r

r
; r > 2a: (27)

Sincenonoverlapping macroionsinteract via a bare Coulomb potential, vmm (r ) = Z 2e2=�r ,

the e�ective pair interaction for this caseis

ve� (r ) =
Z 2e2

�

"
sinhc(�a )

�a

#2 e� �r

r
; r > 2a: (28)

Thus, at the level of linear response,nonoverlapping star macroionsinteract via an e�ective

Yukawa (screened-Coulomb) pair potential. The screeningconstant, � , in the potential

depends on the total density of microions { inside and outside of the macroions { since

all microions respond to the macroion charge. Note that the potential has the samer -

dependenceas the DLVO potential for hard colloidal macroions[4, 17],

vDLVO(r ) =
Z 2e2

�

"
exp(�a )
1 + �a

#2 e� �r

r
; r > 2a; (29)

di�ering only in the macroion-size-dependent amplitude. For overlapping stars, the bare

macroion interaction is somewhatmore complexand is relegatedto the Appendix.

Finally, from Eqs. (14), (18), (25), and (26), the volume energyis obtained as

E0 = FOCP � Nm
Z 2e2� 2a

� �

Z 1

0
dx

sinc2x
x2(x2 + � 2a2)

� (N+ � N � )
kB T

2
: (30)
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For weakly-coupledmicroion plasmas, the OCP free energy may be approximated by its

ideal-gaslimit:

FOCP = N+ [ln(n+ � 3) � 1] + N � [ln(n� � 3) � 1]; (31)

where � is the thermal wavelength. Note that if Z is allowed to vary (with counterion

condensation),then the volumeenergyper macroionmust beaugmented by the self(Hartree)

energyof a macroion: UH = Z 2e2=�a. The �rst term in Eq. (30), longrecognizedasimportant

for phasebehavior [1], represents the entropy of free counterions; the secondterm accounts

for the cohesive electrostatic energyof microion-macroioninteractions. The volume energy,

analogousto its counterpart for charged colloids [18, 24, 25, 25], depends on the average

macroion concentration and thus has the potential to in
uence phasebehavior and other

thermodynamic properties. Equations (20), (24), (28), and (30) are the main analytical

results for star macroions.

It is important to emphasizethat the present approach, while including the entropy of the

counterions, neglectsthe con�gurational entropy of the macroionsby assumingrigid (fully

stretched) PE chains. Recently, Jusu� et al. [28]modelledpair interactionsbetweenPE stars

by both moleculardynamicssimulation and a variational freeenergythat incorporateschain


exibilit y. An important conclusionof their study is that pair interactions are dominated

by counterion entropy. Our approach is complementary: while the macroionmodel neglects

chain 
exibilit y, which is reasonableat least for nonoverlapping stars, the linear response

theory re�nes somewhatthe modelling of the counterion distribution.

B. Microgel Macroions

For our model of microgelmacroions,weapply exactly the sameprocedureasin Sec.IV A.

The electric �eld of a uniformly-chargedsphereis

E(r ) =

8
><

>:

� Ze
�r 2 ; r > a

� Zer
�a3 ; r � a;

(32)

which integratesto give the macroion-counterion interaction,

vmc(r ) =

8
><

>:

� Zze2

�r ; r > a

� Zze2

2�a

�

3 � r 2

a2

�

; r � a:
(33)
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Equation (33) Fourier transforms to

v̂mc(k) = �
12� Zze2

�k 4a2

"

cos(ka) �
sin(ka)

ka

#

; (34)

which, whensubstituted into Eq. (11), yields the Fourier transform of the counterion density

pro�le around a singlemacroion,

�̂ c(k) = �
Z
z

3� 2

k2a2(k2 + � 2)

"

cos(ka) �
sin(ka)

ka

#

: (35)

The Fourier transform of Eq. (35) givesthe real-spacecounterion density pro�le,

� c(r ) =
Z
z

3
4� a2r

8
><

>:

�

cosh(�a ) � sinh(�a )
�a

�

e� �r ; r > a

r
a �

�
1 + 1

�a
�

e� �a sinh(�r ); r � a;
(36)

which approachesa constant as r ! 0:

� c(r = 0) =
Z
z

3
4� a3

h
1 � (1 + �a )e� �a

i
: (37)

Integration of Eq. (36) yields an analytical result for the internal fraction of counterions:

f in = 1 �
3

�a

�

1 +
1

�a

�

e� �a

"

cosh(�a ) �
sinh(�a )

�a

#

: (38)

Again the theory predicts a counterion distribution dependingonly on the ratio of macroion

radius to screeninglength and an internal counterion fraction that increasesmonotonically

with this ratio. This prediction may be comparedwith that of Oosawa's \t wo-phase"ap-

proximation [1], which assumesuniform (but di�ering) counterion concentrations insideand

outside of the macroions. According to the latter approach, for spherical macroionswith

volume fraction � , the condition for equilibrium betweenfreeand bound counterions, in the

absenceof salt ions, is

ln

 
f in

1 � f in

!

= ln

 
�

1 � �

!

+ Z
� B

a
(1 � f in )(1 � � 1=3); (39)

which must besolvednumerically for f in . The predictionsof Eqs.(38) and (39) arecompared

below in Sec.V.

Next, substituting Eq. (34) into Eq. (13), the induced pair interaction is

v̂ind (k) = �
36� Z 2e2

�
� 2

k6a4(k2 + � 2)

"

cos(ka) �
sin(ka)

ka

#2

: (40)
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For nonoverlapping macroions,the Fourier transform of Eq. (40) is straightforward to eval-

uate and yields an e�ective pair interaction

ve� (r ) =
Z 2e2

�
9

� 4a4

"

cosh(�a ) �
sinh(�a )

�a

#2 e� �r

r
; r > 2a: (41)

As for star macroions,a Yukawa form is predicted, but with a di�erent amplitude. The case

of overlapping macroionsis left to the Appendix.

Finally, from Eqs. (14), (34), and (40), the volume energyis obtained as

E0 = FOCP � Nm
3Z 2e2

�a

� 1
5

�
1

2� 2a2
+

3
4� 3a3

�

1 �
1

� 2a2
+

�

1 +
2

�a
+

1
� 2a2

�

e� 2�a
��

� (N+ � N � )
kB T

2
: (42)

Equations (36), (38), (41), and (42) are the main analytical results for microgelmacroions.

V. NUMERICAL RESUL TS

The theory developed above can be applied to solutions of arbitrary ionic strength, un-

der the assumption that the macroion PE chains remain stretched. In order to highlight

the role of the counterions, we present numerical results for salt-free solutions. Within the

model considered,the e�ect of salt is merely to increasethe Debye screeningconstant. Fur-

thermore, we considerthe caseof monovalent counterions (z = 1) in aqueoussolutions at

room temperature (� B = 0:714nm). Figure 1 illustrates the form of the counterion number

density pro�les [Eqs. (20) and (36)] insideand outsideof a macroion. Inside a star macroion

the counterion density divergeslogarithmically towards the center, while inside a microgel

macroion � c(r ) remains�nite. Evidently, counterions penetratestars more easily than they

do microgels. This property is also re
ected in the internal counterion fractions [Eqs. (24)

and (38)], functions of �a only, which are shown in Fig. 2a. In Fig. 2b, we comparepredic-

tions of linear responsetheory [Eq. (38)] with those of Oosawa's two-phaseapproximation

[Eq. (39)] for uniformly-chargedspherical (microgel) macroions[1]. Both approachesqual-

itativ ely predict an increasein the fraction of bound counterions with increasingmacroion

concentration. However, linear responsetheory predicts a considerablymore gradual accu-

mulation of bound counterions than doesthe two-phaseapproximation.
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Counterion penetration strongly in
uences screeningof bare macroion interactions. The

e�ective pair potentials, ve� (r ), and corresponding forces,F (r ) = � dve� (r )=dr , are shown in

Figs. 3 and 4, respectively. Beyond overlap the e�ective interaction has Yukawa form, with

the amplitude depending on the type of macroion. Figure 5 comparesthe variation of the

macroion-size-dependent amplitude of v(r > 2a) with the Debye screeningconstant for the

two permeablemacroionsand for hard macroions. Evidently, the greater the permeability

of the macroions to counterions, the weaker the amplitude of long-range repulsion. For

overlapping macroions,the bare charge distribution combined with counterion penetration

leadsto softly repulsive interactions. Note that the interactions are bounded: they do not

divergeasthe macroionsapproach completeoverlap. It must beemphasizedthat the e�ective

interactions presented in Figs. 3 and 4 arise physically from electrostatic repulsion and

counterion screening,but do not includesteric interactionsdueto compressionof overlapping

chains [28].

VI. CONCLUSIONS

To summarize, we have applied second-orderperturbation (linear response) theory to

model solutionsof sphericalpolyelectrolyte star-branchedand microgelmacroions.The the-

ory predicts the counterion density pro�les inside and outside of the macroions,e�ective

interactions betweenpairs of macroions,and a one-body, density-dependent, volume energy

that contributes to the total free energy of the system. The main conclusionsare: (1)

Counterions penetratestars more easily than they do microgels. (2) Inside a star macroion,

the density pro�le of mobile counterions variesmore gradually than the macroionmonomer

density pro�le, diverging logarithmically toward the center. (3) The fraction of counterions

trapped inside a macroiondependsonly on the ratio of macroionradius to Debye screening

length and increasesmonotonically with this ratio. (4) Counterion screeningsigni�cantly

weakensthe bareelectrostaticpair interactions, which remain boundedup to completeover-

lap of macroions. (5) The e�ective pair interactions are softly repulsive for overlapping

macroionsand Yukawa in form for separatedmacroions,with amplitudes depending on the

type of macroion.

It is important to point out somelimitations of the theory. First, the linear responseap-
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proximation limits applicability of the theory to dilute solutionsof weaklychargedmacroions.

The quantitativ e range of validit y dependson the relative magnitudesof nonlinear correc-

tions, including three-body and high-order interactions, in the perturbation expansion.The

sametechniquesthat have beenusedto analyzenonlinear responsein chargedcolloids [27]

can be applied to polyelectrolytes. Second,the mean-�eld approach taken hereignores
uc-

tuations in the counterion distribution, which may be especially relevant for short-range

interactions and multiv alent counterions. Third, the neglectof chain 
exibilit y restricts the

theory to nonoverlapping macroions.This restriction may be reasonablefor dilute solutions

of sparselyseparatedmacroions. However, for a su�cien t concentration of macroionsin a

good solvent, chain elasticity and entropy must play a role. A uni�cation of linear response

theory and the variational theory of ref. [28] may then prove fruitful.

In principle, the predicted counterion pro�les could be probed experimentally, e.g., by

neutron scattering, using isotopic labelling to contrast the PE chains and counterions.

The macroion-macroioninteractions may be less accessibleto experiment. Conceivably,

the solvent quality might be tuned to minimize the secondvirial coe�cien t between neu-

tral monomersof overlappingmacroions,e�ectively highlighting electrostatic interactionsby

maskingany steric interactions. Comparisonsof predicted and observed macroscopicprop-

erties will provide the most practical, if indirect, tests of the theory. Future applications

will examinethermodynamic phasebehavior, especially possibleimplications of the volume

energyfor the stabilit y and structure of deionizedsolutions [13].
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APPENDIX: INTERA CTIONS BETWEEN OVERLAPPING MA CR OIONS

The bare Coulomb interaction betweena pair of macroionsat center-center separationr

is given in generalby

vmm (r ) =
e2

�

Z
dr 0

Z
dr 00� mon(r 0)� mon(r 00)

jr 0 � r 00� r j
: (A.1)

For nonoverlapping macroions,sphericalsymmetry reducesthe interaction to

vmm (r ) =
Z 2e2

�r
; r > 2a: (A.2)

For overlapping macroions, the six-dimensional integral in Eq. (A.1) may be reduced, by

exploiting cylindrical symmetry and Gauss'slaw, to two-dimensionalintegrals,which in turn

may be evaluated analytically. For star macroions,the result may be expressedpiece-wise

as follows:

vmm (r ) =
Z 2e2
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For computational purposes,the remaining integralsmay be expressedasconvergent series:

vmm (r ) =
Z 2e2
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vmm (r ) =
Z 2e2
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For microgelmacroions,the bare interaction may be expressedmore compactly as

vmm (r ) =
Z 2e2
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Finally, the e�ective pair interaction betweenmicrogels,ve� (r ), is the sum of Eq. (A.8) and

the induced interaction, obtained by Fourier transforming Eq. (40):
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FIG. 1: (a) Counterion number density pro�les [from Eqs. (20) and (36)] inside and outside of

polyelectrolyte star and microgel macroionsof diameter � = 100nm, valenceZ = 100,and e�ectiv e

volume fraction � = 0:01, in water at room temperature (� B = 0:714 nm). The result for a hard-

sphere macroion is shown for comparison. (b) Comparison of counterion and monomer density

pro�les for a star macroion on a log-log scale.
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FIG. 2: (a) Fractions of counterions [from Eqs. (24) and (38)] inside polyelectrolyte star and

microgel macroionsvs. Debye screeningconstant � . (b) Fraction of counterions inside a uniformly

charged spherical macroion vs. e�ectiv e macroion volume fraction as predicted by linear response

theory (solid curves) and by the two-phaseapproximation of Oosawa [1] (dashedcurves). For each

case,the bottom curve corresponds to Z � B =a = 8 and the top curve to Z � B =a = 16.
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FIG. 3: Electrostatic interactions [from Eqs. (28) and (41)] between pairs of polyelectrolyte stars

(a) and microgels (b). Dashed curves: bare interaction. Solid curves: e�ectiv e (bare + induced)

interaction. Parameters are the sameas in Fig. 1. Beyond overlap (r =� > 1), the interaction is

Yukawa in form. For overlapping macroions(r =� < 1), the soft repulsion remains�nite at complete

overlap (r = 0).
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FIG. 4: E�ectiv e electrostatic forcesbetween pairs of polyelectrolyte stars (a) and microgels (b),

corresponding to the interaction potentials in Fig. 3. Parametersare the sameas in Fig. 1.
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FIG. 5: Macroion-size-dependent amplitude of Yukawa e�ectiv e electrostatic interactions [Eqs. (28),

(29), and (41)] betweenpairs of nonoverlapping stars, microgels,and hard spheresvs. Debye screen-

ing constant, normalized to unit y at �� = 0.
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